Global existence for rough differential equations 
under linear growth conditions 

Massimilano Gubinelli* Antoine Lejayt 
May 14, 2009 

Abstract 

We prove existence of global solutions for differential equations driven by 
a geometric rough path under the condition that the vector fields have linear 
growth. We show by an explicit counter-example that the linear growth con- 
dition is not sufficient if the driving rough path is not geometric. This settle a 
long-standing open question in the theory of rough paths. So in the geometric 
setting we recover the usual sufficient condition for differential equation. The 
proof rely on a simple mapping of the differential equation from the Euclidean 
space to a manifold to obtain a rough differential equation with bounded coef- 
ficients. 

Keywords. Rough differential equation, global existence, change of variable for- 
mula, explosion in a finite time, rough path, geometric rough paths. 

1 Introduction 

Let us consider the controlled differential equation 

Vt = yo+ / f{y s ) dx s (1) 
Jo 
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for a Lipschitz continuous function / : R — ► R, and a smooth path x : [0,T] — > R. 
If ^(i) is solution to the ordinary differential equation ip'(t) = f(ip(t)) dt, which 
does not explode in a finite time, then it is well known that the solution to is 
y t = ip(x t ). From this, one may deduce that (pQ) may be extended to continuous 
paths x : [0, T] — > R, whatever their regularity. H. Doss [2] and H. Sussmann [3] 
have proposed this as a simple way to defined stochastic differential equations. In 
addition, (pQ) has a global solution, i.e. a solution that does not explodes in a finite 
time. 

Using the commutation of the flows, these results may be extended to deal with 
controlled differential equations of type 



for a family of commuting Lipschitz vector fields (i.e. when their Lie brackets 

vanishes), and a path x = (x 1 , . . . , x m ) from [0, T] to R m . 

For general vector fields without conditions on Lie brackets, the theory of rough 
paths introduced by T. Lyons and his co-authors (see for example [7l[8lfl ^[l^[T6l4T8] ) 
has provided a way to define the solution to 



for paths x with values in a Banach space U, and a vector field / such that for any 
y G V, f(y) is a linear map from U to V, V being another Banach space. In addition 
to some additional regularity of /, the core idea of the theory is that the driving path 
x shall be extended as some enhanced path with values in some non-commutative 
truncated tensor space. The various component of the tensor provide information 
about iterated integrals of the path x which naturally appears in formal expansions 
of the solution to (j2j). This additional data is at the basis of a generalized notion 
of integral over x which give a extension by continuity of the (Riemman-Lebesgue- 
Stieljes- Young) integral formulation of the differential equation. The truncation order 
of the tensor space depends on [p\ , where p is such that this enhanced path is of 
finite p- variation. Equation j2j) is then called a rough differential equation (RDE). 

This paper deals with existence of global solutions to the RDE. For sake of sim- 
plicity and clear exposition of the arguments, we prefer to restrict ourselves to the 
analysis of the case 2 < p < 3. This is the first non-trivial situation appearing when 
dealing with rough-paths, already presenting most of the features of the general the- 
ory. It is worth stressing that the content of the paper can be generalized at any p 
without any substantial changes in the arguments. 





(2) 
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In all the different approaches to the solution of the RDE (j2j) present in the 
literature [HHIEICEB] the usua l condition for global in time existence of solutions is 
that both / and V/ shall be bounded. In particular the boundedness on V/ is a 
necessary condition to avoid explosion: A.M. Davie provided a nice counter-example 
in [T]. Yet, by comparing with the case of a smooth driving path, one may wonder 
if global existence holds for any vector field / of linear growth. 

Since the original work of T. Lyons [H] it is clear that if / is a linear vector field 
then the solution of the RDE is global. In this case indeed it is possible to give an 
explicit form of this solution as a linear combination of all the iterated integrals of x 
with coefficients given by tensor powers of the linear map /. The bounds provided 
by Lyons on the growth of the iterated integrals of a rough paths are enough to have 
norm convergence of the series. 

In [7], P. Friz and N. Victoir give a sufficient condition on the vector field to have 
global existence when the driving signal is a geometric rough path. By this, we mean 
a rough path which is limit of enhanced paths obtained by lifting smooth paths using 
their iterated integrals. Their arguments rely on an extension of the ideas of A.M. 
Davie [I]. Essentially, in the case 2 < p < 3, along with linear growth they require 
that the combination / ■ V/ shall be globally Holder for suitable index. 

In [15], one of us has provided some conditions for global existence in a more 
general context, including non-geometric rough paths. Excepted for p = 1, the 
conditions found cover only sub-linear growth (depending on p) and logarithmic 
growth (for any p) and leave open the issue of the linear growing /. 

It is worthwhile to mention that in infinite dimension, requiring bounded vector 
fields is a very restrictive condition. In [10] global solutions in the context of stochas- 
tic partial differential equations defined by Young-like integrals are proved to exist for 
fairly general vector fields which fails to be bounded (in particular they are bounded 
with respect to some norm but of linear growth with respect to another norm, sit- 
uation peculiar to the infinite dimensional case). It is also shown that linear vector 
fields admit global solutions for SPDEs not covered by standard rough path theory 
due to the distributional character of the driving signal. In [HCLl] some examples of 
global solutions to (generalized) RDEs are provided in an infinite-dimensional con- 
text where the vector field is of polynomial character. They rely on special features 
like smallness conditions on the initial data or on conservation laws. 

The main result of this paper is the proof that in the case of geometric rough 
paths, the linear growth condition on the vector field / is sufficient for global ex- 
istence. To our knowledge this result answers a natural question which has been a 
long-standing open issue in rough path theory. The method of proof relies on map- 
ping the RDE to an RDE with bounded coefficients. Along the way we prove some 
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change of variable formula for RDEs which can be used as a basis of a general theory 
of RDEs on manifolds. 

Moreover, for non-geometric rough path, we give a sufficient condition for global 
existence related to the behavior of / • V/. This last result extends the observation 
of P. Friz and N. Victor to the general non-geometric setting. Our proof is different 
and more direct than the one contained in [7]. By means of an example we show 
also that there exists non-geometric RDEs with linear growing vector fields which 
explode in finite time so that some condition on / • V/ seems necessary. 

It would be interesting to extends these result for general Banach space valued 
RDEs. This seems not entirely trivial since we exploit some differentiability proper- 
ties of the norm | • | and of the map x \— > x/\x\. 

Most of the literature on rough paths have been developed in the standard frame- 
work of Lyons but recently some papers are written using the language and results 
associated to the notion of controlled paths introduced in [8]. In this paper we decided 
to stick to the classical framework enriched with the notion of partial rough path (see 
Sect. I2.1D which allow a finer analysis of the objects involved in the change of variable 
formula. However it is worthwhile to note that all our results can be equivalently 
stated in terms of controlled paths, change of variable formula for controlled paths 
and the estimates contained in [8] on solutions of RDEs in the space of controlled 
paths. 

Outline. The paper is organized as follows. Sec. [2] contains some preliminary 
material in order to fix notation and to define the notion of partial controlled paths 
and the related RDE estimates. In Sec. [3] we prove the basic change of variable 
formula for geometric rough paths and as a by-product a similar formula for non- 
geometric rough paths. Sec. [4] will introduce our basic tool for the proof of global 
existence: a simple logarithmic change of variable which transforms linear growing 
vector fields to bounded ones. Finally in Sec. [5] we prove the absence of explosion 
under linear growth condition when the driving signal is geometric. We give also a 
new proof of some sufficient condition of Victoir and Friz for non-explosion in the 
non-geometric setting and we conclude with an explicit example of explosion with 
linear vector fields in the non-geometric case. 

2 Preliminary considerations 

In the following U, V and W will stay for generic Banach spaces. We denote by 
L(U, V) the vector space of linear maps from U to V. 
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Definition 1. For 7 6 (0, 1], a Lip(7) function from U to V is a map / : £7 — » V 
which is 7-Holder continuous. A Lip(l + 7) function from [7 to 1/ is Lip(l) map from 
[7 to V such that there exists a bounded Lip (7) map V/ from U to L(U, V) that 
satisfies for any (u, u') E U x [7, 

|/(u) - f{u) - Vf{u'){u - u')\ <C\u'- u\ l+ \ (3) 

The smallest constant C such that j3]) holds for any (it, u') £ C7 x C7 is denoted by 
ff 7 (V/). 

Inequality ((3)) is true if V/ is 7-Holder continuous. 

Remark 1. Note that in this definition is a bit different from the one usually used 
[mCLZldH] ' smce we do not impose that / is bounded (but V/ is), so that / has at 
most a linear growth. 

Remark 2. Later, we may also consider functions / that are defined only on a subset 
fl of the Banach space U. In this case, by a Lip(7) functions we mean a 7-Holder 
continuous function on f2 and by a Lip(l + 7) functions, we mean a function as above 
for which there exists V/ from Q to L(U, V) satisfying ([3]). 

If / is bounded, then we set ||/|| L i P = max{f7 7 (V/), HV/Hoo, ||,/||oc}, which is its 
Lipschitz norm. 

Given a vector space U we let T{U) = Q)k>oU® k be the tensor algebra of U (with 
U®° = R) and T 2 (U) = E © U ® (U <g> U) the projection on the elements of degree 
smaller or equal than 2 which is again an algebra for the tensor product. We denote 
by TCjjisk : T(U) — > U® k the projection on the subspace of degree k. The space T 2 (U) 
will be equipped with a compatible norm so that it become a Banach algebra. 

Let x be a rough path of finite p- variation controlled by u> with p G [2, 3) with 
values in T 2 (U). That is (x.t)te[o,T\ is a path with values in the subset {1}©[7 ®(C7®C7) 
of T 2 (U) — which is a Lie group for the tensor product when keeping only the terms 
of degree 0, 1 or 2 — such that x s i = x^ 1 © x t satisfies |7rj/(x S) t)| < Cu>(s,t) 1 ' p and 
|7T{7g)i7(x S) t)| < Ctu(s,t) 2 / p for some constant C and any < s < t < T. 

The theory of rough paths has been the subject of several books and lecture notes 
[7ll8lfT2 l [T3 lfT6HT8) . so that we do not give here more insights of this theory. 

However, let us recall here the most technical core of the theory, which we call 
the sewing Lemma, following [5]. 

Lemma 3 (Sewing Lemma). An almost rough path z on U is a map z : [0,T] 2 — > 
T 2 (f7) such that, for some 9 > 1, \z s>t — z Si „ © z u j\ < Cu{t,s) e for all < s < 
u < t <T . Given an almost rough path on U then there exists only one rough path 
z = J7"(z) on U such that z = 1 and |z Sjt — z Sji | < C'u(t, s) e . 



5 



Let / be a Lip(l + 7)-map from V to L(U, V) and let us consider the RDE 

Yt = a+ [ f(y s ) dx s (4) 



for a G V. By this, we mean that y is a rough path of finite p-variation controlled 
by to such that y lives in T 2 (U © V), such that x = t^t 2 (u){y) an d which satisfies the 
equality 

Yt = a+ / f(y s ) dy s 
Jo 

for the Lip(l + 7)-differentiable form from U © V to U @V defined by f(v)(u', v') = 
u' + f(v)u'. We used the convention that the italic letter y is path in V obtained by 
the projection of the rough path denoted by a bold letter y (i.e. y = iiviyj). 

Another equivalent characterization of y is given by the fact that it is the unique 
rough path satisfying y = a + J{y) where y is the almost rough path 

f s ,t = *s,t + f(y s )nu(x s ,t) + (/ ■ V/)(2/ s )7iv 0C /(x M ) 
+ f{Vs) ® f(y s )nu®u(x s ,t)- 

We know that y exists at least up to some explosion time T, which is characterized 
by lim t ^ T _ |y t | = +00 for T < +00 (See for example [1 5j ) . Besides, if / is bounded, 
then no explosion occurs and in this case, we say that there exists a global solution 
to Q. Uniqueness (and continuity of the map x t— > y in the p- variation topology) 
is granted only if / is a Lip(2 + 7)-vector field from V to L(U, V) (see [I] for a 
counter-example) . 

If x is a smooth path, then one may solve first the ODE 

Vt = a+ / f(y s ) dx s (5) 
Jo 

in V and then construct x and y as (in the following expression, the elements to be 
summed live in different spaces) 

= 1t(u) + x t + / (x s - x ) <g> dx s , 
Jo 

y t = l T(y) +x t + y t + / (y s - y Q ) ® dx s + / (y s - y ) © dy s 

Jo Jo 



+ (x s - x ) © dy s . 
Jo 

In this case, x and y are smooth rough paths. 
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2.1 Transformation of a partial rough path by a smooth func- 
tion 



Let x and y two paths of finite p-variation respectively with values in U and V, and 
such that the cross-iterated integral J dy (g> dx exists and is controlled by u>. This 
means that J dy ® da; lives in V <8> U and satisfies for some constant L, 



dy <S> dx 



< Lu{s,t) p/2 , 



dy®dx= / dy®dx + / dy ® dx + (y r - y s ) <g> (x t - x r ), 



(6) 



(7) 



for all < s < r < t < T. 

Note that knowing a cross-iterated integral between y and x is sufficient to prop- 
erly define an integral of type J f(y s ) dx s with value in a Banach space W for a 
Lip(l + 7)-vector field from V to L(U, W), by defining this integral as the element 
associated to the almost rough path f(y s )x s ,t + Vf(y s ) J dy <g> dx using the non- 
commutative Sewing Lemma [3] while keeping only the elements in U ® V ® (V <E> U). 

We then call the triple (x, y, f dy <g> dx) a partial rough path. The distance be- 
tween two partial rough paths (x, y, f dy <8> dx) and (x', y', f dy' ® dx') is given by 



sup max 

0<s<t<T 



s,t\ 



\Vs,t 



y'sA 



dy ® dx — J s * dy' <S> dx' 



LJ(S 



ty/p 



LJ(S 



ty/p 



The corresponding topology is called the topology of p-variation generated by to. 

Lemma 4. Let (J) be a Lip(l + k) map from V to W , k > p. Then there exists a 
cross-iterated integral for 4>{y) and x (that is a function that satisfies ((6|) and (JTJ) 
with y replaced by (f>(y) ) which extend the smooth natural iterated integral when x 
and y are smooth. In addition, the map (y,x, J dy ® dx) i— > (4>(y),x, J d(p(y) ® dx) 
is continuous with respect to the topology of p-variation generated by to. 

With the above hypothesis on 0, <p(y) is of finite p-variation controlled by uj on 
V, and this last lemma implies of course that J g(<p(y s ))dx s is well defined for a 
Lip(l + 7)-vector field g from W to L(U,Y) for a Banach space Y . 



Proof. Set 



z s>t = V0(y s ) / dy <g> dx + 4>(y t ) - (j){y s ) + x t - x s 
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living in U @V@(y®U). With abuse of notation here we note V<fi(y s ) the application 
V<p{y s ) ® 1 G L(V, W) ® L(U, U) ~ L(V ® U, W ® U) . The context will always be 
sufficient to remove the ambiguity. 

It follows that, by keeping only the terms in U ® V © (V ® U), 



-s.f 



z r ,t = V(f)(y s )(y r - y s ) ® (x r - x s ) 

+ (4>(y r ) - <t>(y*)) ® {x r - x a ) + (V(f)(y s ) - V<f>(y r )) 



dy ® dx. 



In addition i 

(p(y r ) - <f>(y a ) = / V0(y s + r(y r - y s )){y r - y s ) dr. 
Jo 

It follows from standard estimates that 

\Zs,t ~ Zs,r ® Z r ,t\ < Cu(s,t) (1+K]/P 

where C depends only on || V0||oo, H^iVcf)), \\y\\ PtW , \\x\\ PtCJ , L in ([6]) and u(0, T). Con- 
sequently, z is an almost rough path. Applying the sewing map J of Lemma [3] to z 
while keeping only the terms in U®V®(V®U), we get an triple (x, <p(y), J d(p(y) (g> dx) . 
where J d<fi(y) ® dx is a cross-iterated integral between <p(y) and x. 

With similar computations, it is easily shown that (x, y, J dy (g) dx) hh> J d<p(y) ® 
dx is continuous. 

If x and y are smooth, then 

,t 

((f)(y r ) - (f)(y s ))dx r - V(j){y s ) I dy®dx 



< 



dx, 



(V</% s + r(y r -y s ))- V0(y s )) dr(y r - y, 
<Cuj{s,tf 2+K)/p . 

which means that J^d(j)(y) (g> dx is the rough path associated to the almost rough 
path V(j)(y s ) J s dy <g> dx. 



□ 



2.2 A bound on the solutions of RDE for bounded vector 
fields 

Let h a bounded Lip(l + 7)-vector field from V to L(U, V) , 7 G (0, 1] , 2 + 7 > p. By 
this, we mean that h satisfies ([31). Consider the RDE in V 

z t = a + / h(z s ) dx s (8) 
J 
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Proposition 5. Under the above hypotheses, there exists a constant C that depends 
only on \\h\\up> 7 and p such that 

sup \z t - z \ < C(l + \\x\\ p pu) u(0,T)). (9) 

t£[0,T] 

Proof. From the computations in [15], for any T > and some constant jj depending 
on || V/i||oo, H^iVh) and 7, there exists for any time s a time s' such that \z t — z s \ < n 
and 

u(s, s') 1/p (||/i||oo + Ml|V/i||oo)||x|| p<w < Kn (10) 

for some universal constant fi. If 00 is continuous, then we may choose s' so that 
an equality holds in (fTOl) . Hence, we construct recursively a family (s n ) n >i of times 
such that u>(s n ,s n+ x) = L||x||~p, where L depends only on the norm ||/i||i,ip- Let 
be the smallest time such that stv+i > T. Since J^^^ 1 u(si, s i+ i) < u(0,T) < 
J2i=i ^i. 8 ^ Si+i), we have 

(iV-l)L||xK<^(0,T)<iVL||x||^ 

and 

sup \zt-zo\<NvL<vL + L'w(Q,T)M% (11) 

with L' = fi/L, which is a constant that depends only on ||/i||oo 3 ||V/i||oo, H 7 (h), 7 
and p. □ 



3 Change of variable formulas 
3.1 Geometric rough paths 

Assume y is a solution to some RDE, we prove here a change of variable formula 
giving the RDE satisfied by 4>(yt)- We need the following regularity hypothesis on (p. 

Hypothesis 1. For 7 e (0, 1], the function is a Lip(l + 7) function from V to W 
which is one-to-one between a set T C V and a closed set Q C W. 

Let x be a smooth path and let y be the solution to (jlj). We assume that y t 
belongs to V for any t G [0, T]. Then the Newton formula applied to z t = 4>{yt) reads 

zt = 4>{yt) = 4>{a) + / V<p{y s )f{y s ) dx s = <p{a) + / h(z s ) dx s 
Jo Jo 
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with, for z in fi, 

h{z)^V(j>{(j>- 1 {z))f{ ( j>-\z)). (12) 

Note that h is defined only on a subspace Q of a vector space, so that one cannot 
necessarily solve the RDE z t = 0(a) + L h(z s ) dx s , because it involves the derivative 
of h in directions that are not necessarily in Q. In addition, the proofs of existence 
and continuity of solutions of RDE rely on expressions on type f Q Vh(z s + r(z t — 
z s ))(z t — z s ) dr, so that Vh needs to be defined at least on a convex set containing 
Q. This is why we assume the following hypotheses. 

Hypothesis 2. The function h can be extended to a Lip(l + 7)-vector field from W 
to L(U,W). 

Note that, for Euclidean vector spaces, the Whitney extension theorem (see The- 
orem [12] below) asserts the existence of such an extension. 

Using LemmaEH we see that J h(z s ) dx s = J h((f>(y s )) dx s is well defined provided 
that (x, y, J dy <g> dx) is a partial rough path, since h is a Lip(l + 7)-vector field from 
W to L(U, W) and (x, 4>(y), J d(fi(y) <8> dx) is a partial rough path. 

If a solution y to j4]) exists, then (x, y, J dy (g) dx) is a partial rough path of finite 
p-variation controlled by u. In addition if x is a geometric rough path, then there 
exists a family (x n ) neN of smooth rough paths that converges to x in p- variation. Let 
y n be the solution to the RDE = a + J Q /(y") dx™. Then one can extract from 
y n the partial rough path (x n , y n , J dy n ® dx n ) which converges to the partial rough 
path (x, y, f dy <E> dx) . 

Letting z n = 4>(y n ) we have = 0(a) + f Q h(z™)dx s and by the convergence of 
the partial rough paths we have that J h(z™)dx s — > J h(z s )dx s . So we have then 
proved the following result. 

Lemma 6. Let x be a rough path of finite p-variation, y be a solution to (111) which 
we assume to exists up to time T. Let (ft such that Hypotheses^ andlE hold. Then 
z = (p(y) is the solution to 

Zt = 0(a) + / h(z s ) dx s (13) 
Jo 

for t < T , where this definition involves the partial rough path (x, z, J dz <g> dx) 
constructed in LemmaWi 

Provided that h is bounded, it follows directly from Proposition [5] that one gets 
a bound on sup tg [ 0T ] \z t — Zq\. The next proposition is then immediate. 
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Proposition 7. Under the above hypotheses, if h in bounded in W , then there exists 
a global solution to the RDE (111). 

Indeed, if an explosion occurs to (PL3l ) at time T, then an explosion should also 
occurs to ((!]) at time T. 

3.2 Non-geometric rough paths 

Let us consider a rough path x of finite p-variation controlled by u with value in a 
Banach space U, but which is not necessarily a geometric one. In [14] it is shown 
that x may be decomposed by x = x + f3, where x is a geometric rough path and j3 
is a path of p/2-finite variation with values in U Cg) U such that f3 t is symmetric. In 
addition, the map x i— > (x, P) is continuous. 

Besides, there exists a sequence (x n ,/3 n ) of approximations of (x, in the sense 
that x n converges to x for the norm of p- variation induced by ui and P n converges to 
P for the norm of p/2-variation induced by u. 

Hypothesis 3. Let / be a Lip(l + 7)-vector field from V to L(U,V), 7 G (0, 1], 
2 + 7 > p such that / • V/ defined by 

(/ • V/)(v)« ® w = Vf(v)((f(v)u) ® w), (v,u,w) EV xU xU, 

is Lip(7)-vector field from V to L(U ®U,V). 

Let y be the solution to y t = y + C f(y s ) dx s . In this case, since 2 + 7 > p, 

\f-Vf)(y s )dp s 

is well defined as a Young integral and is of p/2-finite variation controlled by lu. 

Let us denote by J dy ® dx the cross-iterated integral between y and x. Since 
f dy®dp is well defined as a Young integral and J dy n <S> dp n converges to J dy® d/3 
as well as J dy n ® dx 11 converges to f dy ® dx, an approximation argument shows 
that one may naturally define a cross-iterated integral f dy ® dx by the formula 

J dy®dx = J dy®dx + J dy <g> dp. (14) 

It follows that the rough integral f* f(y s ) dx s is well defined (since one needs only 
to get the iterated integral between y and x) and using an approximation argument, 
one gets that 

yt = a+ [ f(y s )dZ+ [ (f-Vf)(y s )dp s + [ f(y s ) ® f(y s ) dp s . 
Jo Jo Jo 
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In particular, in using the cross-iterated integral j dy dx given by ( fT4l) . the projection 
y t of the rough path y t is given by 

Vt = Vo + ?ry (J f(y s ) dx s ) +J\f- V/)(%) dft, 

where iry is the projection operator from T 2 (V) onto V. 

Now, let us consider a family of approximations (x n ,/5 n ) of {x,/3), where x n is a 
smooth rough path and [3 n is a smooth path. The solution 

y? = a+ f f(tf)dSZ+ [ (f-VfM)dp: 
Jo Jo 

is then the projection onto V of the rough solution to y" = a + J Q * /(y") dx". 

Hypothesis 4. We consider a one-to-one Lip(l + 7) map from r C V to a closed 
subset f2 C W such that 

^(^V^ofH^/of'W (15) 

may be extended to a Lip(l + 7)-vector field from W to L(U, W) and 

h 2 (z) = V<f>o ( j ) - 1 (z)[f-Vf]( ( j ) - l (z)) (16) 

may be extended to a Lip(7)-vector field from W to L(U, W). We also assume that 
any solution y n satisfies G T, t G [0, T], for any n. 

Set = <fi(yt). It follows from the change of variable formula that 

z^ = z n + fv<P{y:)f{y:)dx n s + f V<P{y n s ){f ■ V/)(y?) d^. 
and then that 

^ = ^+ fh 1 {z n s )dx:+ fhWdff. 
Jo Jo 

Passing to the limit with the help of Lemma [4] (let us recall that the definition 
of J h(z s ) dx s as a rough integral requires only to know the cross-iterated integral 
between z and x and well as the iterated integrals of x), one gets the following 
Lemma. 
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Lemma 8. Under HypotheseslE and\^ z t = <fi(yt) is solution to 

z t = z + / hi(z s )dx s + / h 2 {z s )d(3 s (17) 
Jo Jo 

where the integral J hi(z s ) dx s is defined using the cross-iterated integral f d(fi(y s ) dx s . 
Let us note that (fTTll is different from 

zt = z + / hi(z s ) dx s = z + / h 1 (z s )dx s + / (h{Vhi)(z s ) d(3 s . 
Jo Jo Jo 

Note also that unless / is bounded, (/ • V/) may be only locally 7-Holder con- 
tinuous, so that the boundedness of hi and h 2 is not necessarily sufficient to deduce 
the existence of a global solution to (111) if one drops Hypothesis [3l 

4 A convenient transformation of vector fields 

From now, we denote by § d the sphere of radius 1 in M. d . 

Let us consider the one-to-one map from R d \{0} to Q = E> d x M + defined by 



9{z) 



with 9(z) = — and p(z) = log(bl) 
\z\ 



for z G R d \{0}. 



Remark 9. In this section, C and C denote constants that may vary from line to 
line. 

Let us also set the inverse map 

z(6,p) = exp(p)6. 
Since \9\ = \0'\ = 1, for all (G,p) G fi, (#',//) G Q, 

\z(9,p)-z(9',p')\ < |0-^|exp(pO + |exp(p)-exp(p')|. (18) 
If p 1 > p, we have 

exp(p') - exp(p) = / exp(p + r(p' - p))(p' - p)dr < exp(p')(p - p) 
Jo 
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so that we transform (fl~8l) as 

\z(6,p) - z{6',p')\ < exp(p')(|0 - 0'\ + (p' - p)) when p' > p. 
We have also for 7 G (0, 1) and p' > p, 

\z(6,p)-z(6',p')\ 

< max{\z(9,p)\, \z(6' , p')!} 1 ^- 1 exp(lP'W ~ pV + W ~ 

<2^ 1 exp(p')(|p'-p| 7 + |^ , -^| 7 ) 

This way, z(9,p) is locally 7-Holder for any 7 G (0, 1]. 
In addition, if 8i(z) = Zi/\z\, 

d0i{z) 1 4 <9p(z) 

— o — ~~ — r ~~ 1 — dIlu ~ o — ~~ 1 — Tq - 

ctej |z| \z\ 6 ozi \z\ 

Computing the first order derivatives for k = 1,2,3, one gets that 

\V k 6(z)\ < C/\z\ k , \V k p{z)\ < C'/\z\ k . 

Hence 

\V(f)(z) - V(/)(z)\ < C [ \z-z\- \V 2 <p{z + t{z' - z))\dr 

Jo 

i" 1 V-A , C C C\z'-z\ 

< C / -, —, l —77;dT <-----< 







\Z + T(Z r — z)\ 2 \z\ \z'\ \z'\ ■ \z\ 



This way, 

|V0(^,p))-V0(^',p'))|<^t|. 
In addition, if p',p > 1, 

|V0(*(M)-W(z(0V))| 

< ~ P|7+ ~ ^ maxdV^^^p))! 1 ^, [V^^pO)! 1 ^} 

7 

<c lp / -pl 7 + lg / -gl 7 

exp(p) 

If / is a Lip(7) vector field from R d to L(R m , R d ), then set 

h(e : p)=V<j>(z(e,p))f(z(8,p)) 
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which is a short-hand for 

K(e , P)= ±m^ fM) , (24) 

j=i 3 

Lemma 10. For j G (0, 1], h is also a Lip^) -vector field from Q to L(R m ,IR d ) and 
is bounded. 



Proof. For p, p' > 1, using (l23l) . 

\h(o,p)-h(p,fr)\ < c\z(d,p)-z(e',p')\^\v<f ) (z(d',p > ))\ 

+ \v<p(z(e,p))-v<f ) (e',p')\.\f(z(6,p))\ 

< c{\o - e'p + \ P - p'| 7 ) + cy - p| 7 . 

This proves that h is a Lip(7)-vector field from Q to L(R m ,M d ). In addition, since 
\h(z)\ < A + and V0(z) < C/\z\, we get that h is bounded. □ 

Lemma 11. If f is a Up(l + ~{) -vector field from R d to L{R m ,R d ) with 7 e (0,1], 
^en h is a bounded Lip (1 + 7) -vector field from M. m to L(IR m ,R d ). 

Proof. Clearly, /i is differentiable and we have seen that it is bounded. We have 

Vh(9, p) = V 2 <P(z(9, p))Vz(9, p)f(9, p) + V(j>{z{9, p))Vf(9, p). 

It follows from Lemma fTOl that V <t>{z{9 , p))V f (9 , p) is 7-Holder continuous on Q and 
bounded. For p, p' > 1, 

\Vh(9,p) - Vh(9,p)\ < C\z(9,p) - z{9',pT\V<l>{z{9',p'))\ 

+ W(z(9,p)) - V<j>{9\p')\ ■ \Vf(z(9,p))\ + \V 2 4>(z(9,p))Vz(9,p)f(z(9,p)) 

-V 2 <P(z(9,p))Vz(9,p)f(z(9,p))\. 

For Zi(9,p) = #exp(p), 

dz' &Z' 

= 8ijexp(p) and — - = ^exp(p) = Zi{9,p). 
o9j op 

Thus, Vz(9, p) also satisfies (1221) and (1231 ) and then 

\Vz(9, p) - Vz(9', p') I • \f(z(9', P '))V 2 <P{z{d\ p'))\ <C\ P '-p[< + C'\9' - 9\\ 
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Since / is a Lipschitz function, if p' > p > 1, 
\(h(z(6,p))-h(z(9',p')))\ ■ |V 2 </>(^V))Vz(M| 



< K\ z (e, P ) - z(e', pOI^ttt <c\6-or + c\p- pV- 

exp(2p) 



Finally, for some positive constants A and B, 

\v 2 Hz(o f , p')) - v 2 0(^, p))\\Mo, P ))Vz(e, P ) | 



< (A + J Bexp(p))exp(p)|VV(^ / ,p , ))- V 2 0(z(^,p))|. (25) 



If |z'| > \z\, 

iv 2 ^)-vW)l < c 



z — z 



o (z + r(z'-z)y 



-dr 



c a 

<^"7^< W-Z 

z l [z'Y 



\z\ 2 \z'\ 2 



< 



2 


z' - 


- z\ 




z 


2 



Then 



\V 2 md\p')) - V 2 0(z(M)ll/WM)V^,p)l 

< C (A + B exp(p)) exp(p) _ 
exp(2p) 

which implies that the difference is 7-Holder when p' > p > 1. 

Summarizing all these inequalities, we get that V/i is 7-Holder on Q. This proves 
that h is a Lip(l + 7)-vector field from Q to L(M. d , R m )-vector field. In addition, Vh 
and h are clearly bounded. □ 

To conclude, let us recall an important result from H. Whitney, which is of course 
also valid for more regular vector fields. 

Theorem 12 (Whitney extension theorem [TUEO]). Let ft be a closed subset ofK d 
and 7 G (0, 1]. 

There exists a linear operator (£ for the space of bounded Lip(7) -vector fields from 
Q to a space M. d to bounded Lip(7) -vector fields from M. d to M. d such that 

c(/)m = / 

IW)|| Lip <c||/|| Lip with ||/|| Lip = max{||/|| 00 ,^ 7 (/)}, 
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where c depends only on 7. 

There exists a linear operator (5 from the space of bounded Lip (1 + 7) -vector fields 
from fl to R d to bounded Lip(l + j) -vector field from R d to R d such that 



where c depends only on 7. 

This way, it is possible to extend h to R d . 

Corollary 13. For a f e Lip(l + 7) -vector field from R d to L(R m , R d ), the bounded 
Lip(l + 7) -vector field h from Q to L(R m , R d ) field h defined by ((24)) may be extended 
to a bounded Lip(l + 7) -vector field from R d to L(R d , R m ). 

5 Global existence of a vector field with linear growth 

5.1 Case of a geometric rough path 

Let us now consider 



Jo 

for a geometric rough path x with values in T(M m ) of finite p- variation controlled by 
oj, and a Lip(l + 7) from R d to L(R m ,R d ), 2 + 7 > p. 

Proposition 14. The solutions of (1271) are defined up to any time T and there exists 
constants C and C depending only on \y$\, ||/||oo, ||V/||oo, if 7 (/), 7 and p such that 
any solution y to (1271) satisfies \y t \ < C exp(C'\\x\\^ w uj(0,T)), 

Proof. Fix T > 0. With <fi as above, set ip{y) = 4>{b + y), where b is chosen so that 
min^T] \b + y t \ > 1. 

We set z t = ?p(yt) so that z takes its values in the set Q = E> d x [1, +00). Let us 
remark that = V0 o _1 and / o ip' 1 = p) — b). The vector field 

/(• - b) is also a Lip(l + 7) from R d to L(R m , M d )-vector field. 

It follows from Lemma [ED and Corollary [13] that 



may be extended to a bounded Lip(l + 7)-vector field from R d to L(R m , R d ) still 
denoted by h. 



<S(/)|n = / and V€(/), n = V/, 
<£(/)||iip < 4f\\ Up with ||/|| Lip = maxdl/IU, II V/IU, H 7 {Vf)} 




(27) 



h(9,p) = V^oij-\9,p)foij- 1 (9,p) 
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From this, we deduce that 



y t \<(\a\ + \b\-l)e 



,/i+L'||x 



(0 ' T) , te[o,T]. 



This proves that no explosion occurs at time T. 



□ 



5.2 Case of non-geometric rough paths 

We now consider that (1271) is driven by a non-geometric rough path x with values 
in T(R m ) and of p-variation controlled by u>. This rough path may be decomposed 
as the sum of a geometric rough path x and a path (3 of finite p/2- variation value 
values in R m ® R m . 

Using if) and the change of variable formula (fPTl) . we get that z t = if>(yt) is solution 

to 



We have seen in [T4] that there exists a solution to (l28l) . provided that hi(z) = 
Vif> o t/t" 1 ^)/ o t/t~ 1 (;z) may be extended to a bounded Lip(l + 7)-vector field from 
R d to L(R d , R m ), and h 2 (z) = Vipo ip-\z)(f ■ V/) o ifj- x \z) may be extended to a 
bounded Lip(7)-vector field from R d to L(R m R m ,R d ). 

Yet if hi(z) may be extended to a bounded Lip(l + 7)-vector field from R d to 
L(R m ,IR d ) thanks to Lemma [TT] and Corollary [13l nothing ensures that / • V/ is 
7-H61der continuous and then that h 2 may be extended to a bounded Lip(7)-vector 
field from R d to L(R m ® R m ), R d ). 

Proposition 15. For a Lip(l + ^-vector field f from R d to L{R m ,R d ) -vector field 
f such that f • V/ is a Lip( 7 ) -vector field from R d to L(R m <g> R m ,R d ) -vector field 
with 2 + 7 > p, then there exists a global solution to ( 1271) . 



zt = z + / Vipoip (z s )foif> (2 s )dx s 





(28) 
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Proof. Considering a solution z to 



z t = z + / h 1 (z s )dx s + / h 2 (z s )d(3 s . 
Jo Jo 



Then, for some constants C\ and C 2 that depend on ||^i||Li P , Halloo and if 7 (/i 2 ), we 
know from the very construction of a rough integral that for any t G [0,T], 



z t - z Q - h 
t 



i(z Q )y^ t - Vhi(z ) / dz s ®dx s -h 2 
Jo 



Zo)Po,t 



< CV(0,t) £ 



dz s ® dx s - hi(z ) <S> 1 • x 2 ,^ 



where 9 > 1 and J dz s dx s denotes the cross-iterated integral between z and x. It 
follows that one can get an estimate of the type 



\zt-z Q \ < C(u(0,t) e + u(0,t) 1/ 



This estimate is less satisfactory that (J9j) . However, at the price of cumbersome 
computations, one should be able also to extend the results of [15] to deal with 
(p, g)-rough paths. 

Now, the proof is similar to the one of Proposition [71 □ 

It is easy to construct a counter-example that show an explosion may occurs if 
we only require linear growth of the vector fields. 



Example 16. Consider the solution y of the RDE in 



lit 



'<+ Jo f(Vs) da^ driven 



by the non-geometric rough path x t = (1, 0, (l(g)l)£) taking values in If 
This rough path lies above the constant path at e I and has only a pure area part 
which is symmetric and proportional to t. Then by the above considerations y is also 
a solution to y t = a + f*(f ■ V/)(y s ) ds. Take the vector field / G R 2 ->• L(R, R 2 ) 
given by 

/(£) = (sin(k)a,£i), e=(6,6)eM 2 
which is of linear growth and for which 

(/• V/)(0 = (sin 2 (6)6 + ^i 2 cos(6),sin(6Xi). 

Take the initial point a = (cti,0) with a\ > 0. Then (y t ) 2 = and (yt)i — a-i + 
Jo(ys)ids so that (yt)i — > +oo in finite time. This proves that explosion may occur 
in a finite time. 
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